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2-NORMED SPACE 
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ABSTRACT. Let X and Y be 2-normed linear spaces. If a mapping 
f:X xX —Y preserves two distances with a noninteger ratio, f 
must be an isometry. In this paper, we provide some results of the 
Aleksandrov-Rassias problem for mappings which preserves three 
distances in 2-normed space. 


1. INTRODUCTION 


The theory of isometry had its beginning in the important paper by 
Mazur and Ulam in 1932. He proved that every isometry mapping of 
a normed real linear space onto a normed real linear space is a linear 
mapping up to translation. When the target space Y is a strictly 
convex real normed space, for into mapping, Baker"! proved that every 
isometry of a normed real linear space into a strictly convex normed real 
linear space is also a linear isometry up to translation. What happens if 
we require, instead of one conservative distance for a mapping between 
normed vector spaces, two conservative disrtances? Aleksandrov and 
Rassias give some results about this problem. Aleksandrov-Rassias 
problem has obtained some results in Hilbert spaces, X and Y are 
Hilbert spaces with dimX > 2, if T : X — Y preserves two distances 
with a noninteger ratio, then T is linear isometry up to translation. 

In 2001,Xiang Shuhuang!”! introduced that if f preserves two dis- 
tances and X,Y are real normed vector spaces such that Y is strictly 
convex and dimY > 2, it is an open problem whether or not f must be 
an isometry, however, if f preserves three distances, we have the result 
about isometry. 

Aleksandrov-Rassias problem: If T preserves two distances with a 
noninteger ratio, and X and Y are real normed vector spaces such 
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that Y is strictly convex and dimX > 2,whether or not T must be an 
isometry? 

Benz and Berens”! proved the following theorem and pointed out 
that the condition that Y is strictly convex can not be relaxed. Other 
authors proved Aleksandrov-Rassias problem in [3],[4]and[5}. 

Let X and Y be real normed vector spaces, assume that dimX > 2 
and Y is strictly convex, suppose T : X — Y satisfies that : T' preserves 
the two distances p and Ap for some integer A > 2, that is, for all 
x,y E€ X with |z — yl| = p, then ||T(x) — T(y)|| < p, and for all 
x,y E€ X with ||x — y|| = Ap, then ||T (x) — T(y)|| > Ap, so T is linear 
isometry up to translation. 

It is easy to verify rhat the condition in above result is equivalent to 
that T preserves the distances p and Ap. Next we need the following 
definitions we will use in our main result. 


Definition 1.1. Let X be a real linear space with ||-,-|| : X? > R, 
then (X, ||-,-||) is called a 2-normed space if 
(N1) |x, y|| = 0 ==> z and y are linearly dependent. 
(N2) liz, yl] = lly, «ll. 
(Ns) lax, yl] = lalla, yll 
(Na) lla, y+ zli < Ila, yll + lix, zl. 
For a € R and x,y,z € X.The function ||-,-|| is called the 2-norm 
on X. 


Definition 1.2. |! we called f a 2-isometry if |z- y, y — z|| = || f(x) — 
f(y), fy) — F(2)|| for all x,y,z € X. 
Definition 1.3. ! (AOPP) Let x,y,z € X with ||z—y,y— z|| =1, 
then || f(x) — fy), fy) = Fl = 1. 
Definition 1.4. ®© We call f a 2-Lipschitz mapping if there is a k > 0 


such that || f(z)— f(x), f(y) -F| < kllz-2, y—2'|| for all x,y,z € X, 
the smallest such k is called the 2-Lipschitz constant. 


2. MAIN RESULTS 


Lemma 2.1. |! For b,c € X, ifb and c are linearly dependent with 
the same direction, that is c = ab for some a > 0, then ||a,b + c|| = 
lla, b|| + |la, cl] for alla € X. 


Lemma 2.2. Let X,Y are 2-normed space and f: X x X > Y isa 
surjection and satisfied: 
(1) |le—y,p—al| < 1, then ||f(x) — f(y), fe) -FI < lle- y, p- all. 


(2) lz — y,p — all 2 a, then ||f(x) — f(y), Fp) — FO 2 a. 
For all z,y,p,q E X and then f is an 2-isometry. 
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Proof. (a) First, we proof || f(x) — f(y), f(p) — F(@)|| < lla — yp — all 
for all z,y,p,q E€ X. 

Let ||x — y, p — q|| < ™@, if m = 1, the result is obvious. 

We suppose that m > 2. Define q; = q + ¿(p — q), (i =0,1,2,...,m), 
and 


m-1 
G41 Z 4i = -o = q), p == > n = qi) 
then 
le-y gn- al =le - 9, —@-Q)ll = Že -vp als, 
(i =0,1,2,...,m — 1), 
m—-1 
If) - fy), fe)-f@ < > IF) — f(y), Figi) — Fa 
A 
< [æ — Y, G41 Z qill 
1=0 
ae 
n 


By Lemma 2.1 
m-—1 
lz —y,p -qll = De Iz — y, Gita — qill 
i=0 


Thus || f(x) — f(y), fe) — FI < Ile - y, p — qll. 
(b) We proof f perserves a. we suppose ||x — y, p—q|| = a, Then there 
are m,n € N, anda < ™, by (a), we have 


f(x) — fy), fp) — FOI < lle- y, p — all 


by the condition (2) || f(x) — f(y), fp) — F(@| = lla — y, p — all, 
SO 


f(x) — fy), fp) EOIS |e- yp- all = a. 


(c) If) — fy), Fe) -Fl = lle — y, p — all as lz- y, p — ql] < a. 
For a > 0, there must be m,n € N, soa < ®, by (a), ||f(x) — 


fly), fp) — FI < lle -— y, p- all 


Assume that 


f(x) — fly), Ff) — FOI < Ile - y, p — qll. 
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Let z= £ + [a pq] Y — 2), so 


lz -—2,p—4|| = a, |lz -y,p-—¢|| = a - |£ — y, p — qll. 


Then by (b) and (a) 


= |[f(2) — Fle), Fle) — F@| 

< IFE) = fy), Fe) = FOI + IEE) = Fy), Fl) = FOI 

< a—|e—y,p—a|l+lle—y,p—all =o. 

This is a contradiction, that implies that || f(x) — f(y), f(p) — f(@|| = 
lz- ¥,p — qll. 

(d) f preserve that the distance Sa. 

Let ||” — z,p—4q|| = a, by (a), then || f(x) — f(z), FŒ) = FOI < 3, 


let 
met - 10250 
2 || f(z) — F(z), Fe) -FOl 


there exsits a v € X, such that f(v) = u by f is a surjection. then 
a 
lu- F(2), f) - FI = Ë < a, 


by (2), |v — z,p = ql| < a. by (c), llv = x, p = ql = llu — f(x), fp) — 
FOl = $. 
Then 


Q 





lu- F(2), fP) -FOl F0- 1). 


Otherwise if ||u— f(z), f(p)— f(@|| < $(n— 1), we can find a sequence 
vi E X, (i = 1,2,--- ,n — 1), such that vo = v, vn_1 = 2, which implies 
IIf(v) — f(z), fp) — F(Q || < $(n — 1), by f is surjection, there exsits 
vi E X, then 


f (vi) a o a — Flv), a „n= 1), 
so f(vi) — fvi) = zalf (2) — F(v)) and f(v) — f(vis1) collinear, 


hence 


a 





MSG => Trn 
by Lemmaz2.1, 7 
OOs- E e-e, FO)-F() < 7" 
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So 
IFE) — Feu), FO) — FI < 5 <a. 
by the condition (2), thus ||v; — visi, p — || < a(i = 0,1,2,--- ,n — 1) 
and by (c) 
|v —vi41, P—4l| =; IF (vi) — f (vi+1), f(p)-fOll < Sl = 0, 1,2, a ,n—1), 
that implies 
E E So -unahp-dl < Y le- vp -al 
2 Sa = (n—l)a 
= 2 2 
by(c), 
||v-2,p—al| = If) - f(x), FO) -F@I = llu-f(@), FO)-F@|| = 5 
Moreover 
a n-li n 
| —2,p—all <le- vp- a+ lv zp- al< $+ *a= Ra 
This is a contradiction with ||” — z,p — q|| = $a. and 
oe ee eee 
uo He) = FFE) + STF FO) — FO 
~ GOING Fe). Fe — Fa 
then 
lu- f(z), fF) -FOl 
= Ilf(2) -se FO- FONG - sy) 
= e-se- F@I-5 
So 
5-1) <lu- ff) — FI = IF) - F@).F) - FOI- 5 


that implies ||f(z) — f(x), f(p) — f(@)|| = gn. 


(e) f is isometry from X to Y. That is || f(x) — f(y), f(p) — f(g = 


lz — y, p — qll. 


For any x,y,p,q E€ X anda > 0, there exsits n such that ||z—y, p—q|| < 
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sn. For $n, there exsit m,n € N, and n < ™, by (a), we have 
I f(x) — fly) FO) - FON le- vp- al. 
Assume that 

IF) — Fy), Fl) -FOI < liz- y, p — qll- 


Let 
Sn 
Z= (y — x). 


IEE qll 
So ||z—2z,p—q|| = $n, lz- y, p- ql| = $n —|lz — y, p — qll- So by (d), 


I F(z) — fle), Fl) — F@I = lz- z, p- all = 


By (c),(d) and the assumption 





Sn = fe- fC), fe) - ol 
s |lfl2) — Fy), Fle) — FOI E E= 
< 5n-|le-y,p—all +lle-y,p—all=5 


that is a contradiction, that implies || f(x) — f(y), f(p) — f(q)|| = |z — 
gp =u] 














we can say that f preserves the two distance 1 and a in above Lem- 
ma. 


Theorem 2.3. Let X and Y be real 2-normed space. Assume that 
Y is strictly conver, suppose f : X — Y satisfied AOPP and f is a 
2-Lipschitz mapping with k = 1, that is || f(x) — f(y), fp) — f(@|| < 
lc —y,p—q|| for all £,y,p,q E X. Then f is a 2-isometry. 


Proof. Let x,y,p,q € X, and ||x — y,p— q 
Then |z — z,p — q|| =1,|lz-y,p—all = 5 
And by the condition 2-Lipschitz and AOPP, 


=}, set z = x + 2(y — x) 


lz — y, p — qll 
> Ita) - r0), fo- rOl 
> I2) -e fO- Al- Ie —f@), F®) - Al 
> 1-lz-yp-al2 5 


By the condition, || f(x) — f(y), f(p) — f(d < lr- y p- al = 5 
Hence 


Ie) — F@), F) - F@ll = 5 
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Similarly 
IF) — f0) Fe) — FOI = 5 
And 


If) — F(z), Fp) -foll 
SIFA — FY), Fe) — FOI + IF) — Fe), Fle) -— FMI = 1 
Because Y is strictly convex, then f(y) = Hers) and || f(y)—f(z), f(p)- 
Foll = z, so f preserves distances 1 and z, so f is an isometry due to 
lemma2.2. 














Theorem 2.4. Let X and Y be real 2-normed spaces. Assume that 
dimX > 2 and Y is strictly convex, suppose f : X x X > Y satisfies 
the property that f preserves the three distances 1,a and 1+a, where a 
is any positive constant. Then f is a 2-isometry. 

Proof. (1) Let z,y € X, |r —y,p—ql| = 2 +a, set zı = troc W=) 
T2 =% + z(y =) 

Then 





I|z1 =t, p> qll = 1, [£1 — ©2,p — qll = a, 
lly -—21,p —q|| = 1 +a, ||z2 - z, p —q|| = 1 + a, lly — t2,p—q|| = 1 
It follows that 
lF) — F(z), fe) -Fal = 1, |f) — f2), fe) -Foll = @ 
If (y) Fl), Fæ) E= 1+4, f(z) f), fe- F(q)|| = +a, 
Ify) — f(z2), f(p) — f(Q || = 1. Since Y is strictly convex, let 
TEJA f(x) = a ama > 0) 
Then 


1= || f(a) — f(a), Fp) — FI all f (z2) — F£), fp) -= FI 


= aļla+1) 


So a = zh and f(a) ~ f(e) = Ue) ~ Fe) 
We have 

f(a) = f(x) + Taal) — f(x)) 
And 
a l+a 


Fe) = = per) -flea 





Since Y is strictly convex, let 


f(y) — (22) = a (F(22) — f(a)) 
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1 = |[f(y) — f(x), fe) -FOIL = alfe) — Fer), fF) - FOI 


1 
= Qa 





l+a 





ly) = = f(a) - fle). 


Thus ||f(x) — f(y), fe) — f(q)|| = 2+ a for all x,y € X with 
lc —y,p—q|| = 2 + a, so f preserves the distance 2+a. 


(2) Let ||~—y, p—q|| = 2a, set zı = £+ SS (Y=*) fo = 2+ gang YT) 
Then 





zı — 2,p — q|| = 1 + a, || — 22, p — ql| = 1, 
lly — 21, p — ql| = 1 + a, ||x2 — z, p — g|| = 2 + a, lly — 22, p — q|| = a, 


since f preserves distances 1,a,l+a and 2+a, in a similar way, we obtain 
that 


f(y) — f(z), fp) — Fol] = 2a. 


By (1),(2) and Lemma 2.2, we have f preserves 1 and 2a, then f is a 
2-isometry. 














Corollary 2.5. Let X and Y be real 2-normed spaces. Assume that 
dimX > 2 and Y is strictly convex, suppose f : X x X > Y satisfies 
the property that f preserves the three distances a,b and a+b, where 
a,b is any positive constant. Then f is a 2-isometry. 
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